In the paper we study the algebroid A(M) of the groupoid G(M) ⇒ L(M) of partially invertible elements over the lattice L(M) of orthogonal projections of a W * -algebra M. In particular the complex analytic manifold structure of these objects is investigated. The expressions on the algebroid Lie brackets for A(M) and related algebroids are given in noncommutative operator coordinates in the explicit way. We also prove statements describing structure of the groupoid of partial isometries U(M) ⇒ L(M) and the frame groupoid G lin Ap 0 (M) ⇒ Lp 0 (M) as well as their algebroids.
Introduction
Nowadays the theory of Lie groupoids and Lie algebroids is an important and invaluable part of contemporary differential geometry. One can consider Lie groupoids and Lie algebroids as a framework for the investigation of symmetry of objects having fibre bundle structure. They also are a natural generalizations of Lie groups and Lie algebras, respectively. In the monograph [6] of Mackenzie, whose personal contribution to the subject is notable, one finds compact presentation of the subject as well as historical references at the end of each chapter.
While the concept of groupoid in topology [1] and Lie groupoids and Lie algebroids in differential geometry [9, 10, 11] appeared in 60s and 70s of the last century the growth of interest to these notions was truly inspired by problems of mathematical physics. It was firstly Poisson geometry, where after the paper of Karasev [5] and seminar note of Coste, Dazord and Weinstein [4] the symplectic realization of Poisson manifold by symplectic groupoid was defined and investigated. Then it was observed that the existence of Poisson structure on a manifold M is equivalent to Lie algebroid structure on its cotangent bundle T * M. Subsequently many other researchers, first of all Weinstein with his collaborators used groupoid and algebroid methods in mechanics and in problems of quantization, see Cannas da Silva, Weinstein [13] , Connes [3] and references of therein.
Admitting some modifications of the basic definitions one can investigate the above mentioned structures in the infinite dimentional case, i.e. in the framework of the category of smooth Banach manifolds. An example of the investigations of Banach Lie algebroids one finds in [2] . However, a crucial difficulty appears when the modeling Banach space does not have Schauder basis, e.g. it happens for Banach algebra of bounded operators L ∞ (H) of Hilbert space H. The reason is that in this case does not exist coordinate description of the investigated structures, in particular case the Poisson structure.
Nevertheless the category of W * -algebras (von Neumann algebras) is the one which generates a rich class of Banach-Lie groupoids and Banach-Lie algebroids as well as the related class of Banach Poisson manifolds which have nice properties and could be handled in the operator coordinate manner which is strictly associated to W * -algebra structure. We were motivated in our investigations by importance of von Neumann algebras in quantum physics and the fact that the predual M * of the W * -algebra M has canonically defined structure of Banach Lie Poisson space (see [7] ) and moreover the precotangent bundle T * G(M) of the Banach Lie group G(M) of invertible elements of M is a weak symplectic realization of M * .
The main place in our considerations is occupied by the Banach Lie groupoid G(M) ⇒ L(M) of partially invertible elements of M with the lattice of orthogonal projections L(M) as the base manifold which was defined and described in [8] .
In Section 2 we investigate the family of locally trivial transitive subgroupoids
parametrized by p 0 ∈ L(M). Namely, we define a complex analytic atlas on G p 0 (M) ⇒ L p 0 (M) consistent with its groupoid structure, i.e. we show that G p 0 (M) ⇒ L p 0 (M) is a complex analytic groupoid.
In Section 3 we describe the Banach-Lie algebroid A p 0 (M) of the groupoid G p 0 (M) ⇒ L p 0 (M). Our description is based on the groupoid isomorphism given in Proposition 3.2, which shows that one can consider the groupoid G p 0 (M) ⇒ L p 0 (M) as the gauge groupoid of the G 0 -principal bundle with P 0 := G p 0 (M) ∩ Mp 0 as the total space and the group G(p 0 Mp 0 ) of invertible elements of p 0 Mp 0 denoted by G 0 . Among others we present coordinate expressions (3.37) and (3.45) for Lie algebroid bracket of sections of A p 0 (M). In Section 3 we also present detailed description of BanachLie groupoid U p 0 (M) ⇒ L p 0 (M) of partial isometries as well as the corresponding algebroid A u p 0 (M), see Proposition 3.3 and Proposition 3. 4 .
As an example we consider in Section 4 the algebroid of the frame groupoid of tautological vector bundle E → G(N, H) over Grassmannian of N-dimensional subspace of the Hilbert space H.
In Section 5 we discuss various groupoids associated in a canonical way to
Finally Section 6 contains the description of the algebroid A
. At the end the following two facts are worth to be noted. In the
, P 0 and P u 0 as an universal objects in the corresponding categories. However, we will not discuss this question, leaving it for subsequent paper. The groupoids
as well as the corresponding algebroids A p 0 (M) provide interesting examples of the complex analytic Banach-Lie groupoids and algebroids, respectively.
2 Groupoid of partially invertible elements of W * -algebra
Such a class of Banach-Lie groupoids was introduced and investigated in [8] . Here we recall some necessary notions and statements concerning the subject. By definition the groupoid G(M) of partially invertible elements of W * -algebra M will consist of such elements x ∈ M for which |x| = (x * x) 1 2 is an invertible element of the W * -subalgebra pMp ⊂ M, where p is the support of |x|. We have natural maps l :
on the complete lattice L(M) of orthogonal projections of the W * -algebra M, defined as the left and right support of x ∈ G(M), respectively. Taking L(M) as the base set of G(M) one can identify l with the target map, r with the source map and inclusion ε : L(M) → G(M) with the object inclusion map. The partial multiplication of x, y ∈ G(M) is the algebraic product in M. Note that G(M) ⊂ M and xy ∈ G(M) if r(x) = l(y). The two sided inversion x −1 of x ∈ G(M) is defined by its polar decomposition
in the following way
One easily verifies that the above maps and operations define groupoid structure and one has l(y) = r(x) and r(y) = l(x). The element y belongs to G(M) and is defined uniquely by x ∈ G(M).
Proof. If x ∈ G(M) then y = |x| −1 u * satisfies relations (2.3). Now, let y ∈ M satisfy conditions (2.3). Then
From (2.4) and (2.6) we see that yu ∈ r(x)Mr(x) and yu = |x| −1 , i.e. y = x −1 .
The above proposition motivates us to call G(M) ⇒ L(M) the groupoid of partially invertible elements of W * -algebra M. Now, following [8] , we define on L(M) and G(M) structures of complex Banach manifolds. For p ∈ L(M) we note by Π p the subset of L(M) consisting of orthogonal projections q ∈ L(M) such that the Banach splitting
of M on the right ideals qM and (1 − p)M is valid. Decomposing the projection p in accordance with (2.7)
we obtain a bijective map
of Π p on Banach space (1 − p)Mp as well as a local section
Using splitting (2.7) for projections p, p ′ ∈ L(M) we obtain explicit expression
for the transition map
p in a unique way. For the details we address to [8] . If
then one has the one-to-one map
where
It follows from (2.12) and (2.15-2.17) that the atlas
where p ∈ L(M), and the atlas
wherep, p ∈ L(M), define structures of complex Banach manifolds on the lattice L(M) and on the groupoid G(M), respectively. In [8] it was proved that 
One shows the local triviality of
is a union of the transitive subgroupoids
and this decomposition is consistent with its complex Banach manifold structure. Summing up we can reduce the investigations of G(M) ⇒ L(M) to the investigations of the transitive subgroupoids (2.21).
According to [8] let us define the involution map J :
From the polar decomposition (2.1) of x ∈ G(M) we find that J(x) = x iff |x| = r(x), i.e. fixed points of J form the subset U(M) ⊂ G(M) of partial isometries which is invariant with respect to groupoid operations. In particular for u ∈ U(M) we have
and the base set as well as the objects inclusion map ε :
is a wide subgroupoid of the groupoid of partially invertible elements.
We note that the involution map J preserves Ωp p and in the coordinates (2.13) it is given by
In what follows subsequently we will denote the transitive groupoid
3 Algebroids of the groupoids
and
At first we will discuss several questions concerning the structure of
The geometric constructions investigated here turn out to be useful for the description of the Banach-Lie algebroid (iii) One has a free right action of G 0 on P 0 × P 0 given by
The left support map l : P 0 → L p 0 (M) is a surjective submersion of Banach manifolds which is invariant with respect to the right action
of G 0 on P 0 , i.e. for g ∈ G 0 and η ∈ P 0 one has l(ηg) = l(η). We conclude from the above that
and P 0 (L p 0 (M), G 0 , l) defines a principal bundle structure on P 0 . According to item (ii) of the Proposition 3.1 one can identify the element η ∈ P 0 ֒→ Mp 0 with its coordinate in Banach space Mp 0 . However the inclusion map ι : P 0 ֒→ Mp 0 is not consistent with the principal bundle structure of P 0 . Therefore we will use further the atlas given by one-to-one maps ψ p :
The transition maps
for this atlas are given by
The atlas (3.4) is consistent with the groupoid atlas given in (2.19). Namely, we obtain the chart (3.4) as ψ p = ψ pp 0 takingp = p, p = p 0 and y p 0 = 0 in (2.13). Note here that the set
Inverting (3.7) we find that
In order to see that the dependences (3.8) are complex analytic we assume that λ pp 0 − pη λ pp 0 pη ∈ G 0 we obtain
So, the chart (P 0 , ι : P 0 ֒→ Mp 0 ) belongs to the maximal atlas generated by the charts (l
(3.11) Another choice of {λ pp 0 } gives a cocycle equivalent to the cocycle {g p ′ p }. One has the following relations
So one can use the coordinates (
In the general theory of Lie groupoids an important role is played by the gauge groupoid P ×P G ⇒ M associated in a canonical way to a principal bundle P (M, G, π), e.g. see [6] . In our case we obtain the groupoid
where g ∈ G 0 is given by ξ = λg.
Proposition 3.2. One has the following isomorphism
of Banach-Lie groupoids, where
Note here that the coordinates (yp, zp p = zpz (2.13) are invariant with respect to the right action (3.1) of the group G 0 on the P 0 × P 0 . Now let us mention several facts concerning the group (T G 0 , •) which is the tangent group to the group G 0 . The product of
The space T e G 0 ∼ = p 0 Mp 0 tangent to G 0 at the unit element e = p 0 is a normal subgroup of T G 0 . One has the decomposition
where we identify G 0 with the zero section of T G 0 . Hence we have the following group isomorphisms
Using (3.19) we obtain from (3.18) that the product of (g, x), (h, y) ∈ G 0 ⋉ Ad p 0 Mp 0 is expressed by the formula
The right action of the tangent group T G 0 on the tangent vector bundle T P 0 ∼ = Mp 0 × P 0 defined by the action (3.2) is given by
Thus we have the following isomorphisms of vector bundles
The action of G 0 on the vector bundles over P 0 included into the exact sequence
commutes with the morphisms of (3.25). Thus we obtain the short exact sequence
of the factor vector bundles over P 0 /G 0 . In order to obtain (3.26) we used the isomorphism (3.24) and the decomposition
In such a way we get the Atiyah sequence
, where p 0 Mp 0 is the Lie algebra of the Banach-Lie group G 0 , T P 0 /G 0 is the Banach Lie algebroid of the groupoid
is the tangent bundle of P 0 /G 0 . The vector bundle monomorphism ι and bundle epimorphism a are defined by the quotient of (3.25). It follows from the Proposition 3.2 that
and a by virtue of (3.27) is the anchor map for A p 0 (M).
In order to identify the Lie bracket structure of space Γ
of smooth real sections of the vector bundle
, we notice that these sections can be considered as
where ϑ : P 0 → Mp 0 is a smooth map. We use in (3.31) the complex coordinates (η, η * ) ∈ Mp 0 ⊕ p 0 M. Let us note that in the real coordinates χ :=
h is the hermitian part of complex Banach space Mp 0 ⊕ p 0 M, the vector field (3.31) is given by (ϑ − ϑ * ). We explain the notation in (3.31) and (3.33). Let γ t : P 0 → P 0 , t ∈ R be a (local) one-parameter group of automophisms of the principal bundle P 0 (L p 0 (M), G 0 , l) which is tangent to the real vector field X, i.e. in the complex coordinates (η, η
Note here that
So, the paring ·, · on the right hand side of (3.36) is correctly defined. Removing the function f from (3.36) we obtain (3.31).
We note here that (Mp 0 ) * , (p 0 M) * and ((Mp 0 ⊕ p 0 M) h ) * are Banach spaces dual to the Banach subspaces Mp 0 , p 0 M and (Mp 0 ⊕ p 0 M) h , respectively. The analogous convention we will also use in the subsequent.
In this notation the Lie bracket of
It is easy to see that [
of L t , where r(x) = l(y) and λ t :
is a oneparameter group of smooth transformations of L p 0 (M), we see that {L t } t∈R as well as {λ t } t∈R are defined by a one-parameter group of automorphisms γ t :
The algebroid properties of the bracket (3.37) are better seen in the coordinates (y p , z p , y *
For this reason let us notice that in these coordinates the flow γ t : P 0 → P 0 has the form
where t ∈] − ε, ε[. The equality (3.41) we obtain from
From (3.40) and (3.41) it follows that
The symbols 
of l and maps X on
So, the property
follows from (3.45), (3.48). The Jacobi identity and the Leibniz property
It follows from (3.46) that the space of G 0 -invariant vector fields Γ
, what is in agreement with general theory of algebroids.
Let us also mention that the vector subspace Γ
we find that
Let us remark here that for the proof of the equalities (3.54), (3.55) and (3.56) it is important to keep the proper order of the corresponding M-valued (operator valued) functions and remember that (pη)
From (3.37) and (3.57) we find that the algebroid bracket [·, ·] A of X 1 , X 2 ∈ Γ ∞ A p 0 (M) has the following form
Using the chart (Π p , ϕ p : Π p → (1 − p)Mp) one expresses the section X ∈ Γ ∞ A p 0 (M) locally by the map
where π : 
At the end of this section we describe the Banach-Lie structure of the subgroupoid of partial isometries
where U 0 := U(p 0 Mp 0 ) is the group of unitary elements of the W * -subalgebra p 0 Mp 0 and the total bundle space P u 0 ⊂ P 0 consisting of partial isometries of P 0 , i.e.
Hence, by virtue of the real Banach spaces splitting
is the principal subbundle of the principal bundle P 0 (L p 0 (M), G 0 , l). In consequence the gauge groupoid
is a subgroupoid of the gauge groupoid
P 0 ×P 0 U 0 ⇒ P 0 /U 0 .
Proposition 3.3. The following isomorphism
P u 0 ×P u 0 U 0 U p 0 (M) P u 0 /U 0 L p 0 (M) ❄ ❄ ❄ ❄ ✲ ✲ s t l r φ u ϕ u ,(3.
63)
of real Banach-Lie groupoids takes place, where
From Proposition 3.3 we conclude that the groupoid of partial isometries
, where values η(t) = γ t (η) of the flow γ t (η) satisfy the condition (3.61). Thus one obtains
i.e. η * ϑ(η, η * ) ∈ ip 0 Mp 0 . Now let us take X ∈ Γ ∞ U 0 (T P u 0 ). Similarly as in (3.57) the cor-
) satisfy the condition (3.67) on the unitary principal bundle
The last equality in (3.68) follows from η
From the above proposition one has
and thus it is given by (3.48) .
Proof. It follows from (3.66) that the algebroid
Repeating the considerations similar to the ones for (3.27) we obtain the Atiyah sequence
, where ip 0 M h p 0 is the real Banach space of the anti-hermitian elements of p 0 Mp 0 . So, due to the Proposition 3.3 we identify T P u 0 /U 0 with the algebroid A
is isomorphic with the vertical tangent bundle of
is given by (3.31) where ϑ satisfies the condition (3.66).
Substituting (3.7) and (3.54) into (3.66) we obtain
So, if the operator valued functions a p and b p , defining the vector field X ∈ Γ ∞ G 0 (T P 0 ) from (3.43), satisfy (3.70) on P u 0 then X is U 0 -invariant and tangent to P u 0 .
Proposition 3.6. The condition (3.66) is preserved by the bracket (3.37). The same is valid for the condition (3.70) and the bracket (3.45).
Proof. In order to prove the first part of the proposition let us take ϑ 1 and ϑ 2 such that
The vector field [X 1 , X 2 ] is defined by (3.31) where
Thus we have
We have the following equalities
where ϑ 1 , ..., ϑ N ∈ H, and
3)
where η 1 , ..., η N ∈ H are linearly independent vectors. The polar decomposition η = u|η|
) one can express in the following way
where η 1 , ..., η N ∈ H and ξ 1 , ..., ξ N ∈ H are sequences of linearly independent vectors. Hence
and ξ = v|ξ|. The groupoid isomorphism described in Proposition 3.2 is given by
Since of (4.3) we will identify η and η * with (η 1 , ..., η N ) ∈ H×· · ·×H and (η 1 , ..., η N ) ∈ H × · · · × H, respectively. By H we denoted the Hilbert space conjugated to H. Using above convention we express the algebroid bracket (3.37) as follows
where X l is given by
Now let us present (y p , z p )-coordinates description of the groupoid
. For this reason let us consider projections given by p n 1 n 2 ...n N := |e n 1 e n 1 | + |e n 2 e n 2 | + ... + |e n N e n N |, (4.14)
where n 1 < n 2 < · · · < n N . We observe that the domains Π n 1 n 2 ...n N := Π pn 1 n 2 ...n N and l −1 (Π n 1 n 2 ...n N ) of the charts
) and P 0 , respectively. Using (3.8) we find that
|e nr e nr |η s e s | (4.15) and
|e s e s |z
where z
is the inverse of the isomorphism z n 1 n 2 ...n N : p 0 H → p n 1 n 2 ...n N H of the N-dimensional Hilbert subspaces of H. The matrix element of the operators z n 1 n 2 ...n N and y n 1 n 2 ...n N are the following:
where t ∈ {n 1 , n 2 , ..., n N }, s ∈ {1, 2, ..., N} and
where r ∈ N \ {n 1 , n 2 , ..., n N }. In the same way we define
and a rt n 1 n 2 ...n N := e r | a n 1 n 2 ...n N |e t (4.20)
the matrix elements of b n 1 n 2 ...n N and a n 1 n 2 ...n N . Now, passing in (3.45), (3.46) and (3.47) to matrix element description we obtain 
are frame groupoid and unitary frame groupoid of E → G(N, H), respectively.
Other related groupoids
Following [1] we present a construction of a quotient groupoid which will be useful in the subsequent considerations. Let H ⇒ B be a wide subgroupoid of a groupoid G ⇒ B such that H b a , where a, b ∈ B, has at most one element. By B/H we denote the set of orbits of the action H on the base manifold B, i.e. a, b ∈ B belong to the same orbit [a] if h ∈ H exists such that s(h) = a and t(h) = b.
Note that if such h ∈ H exists it is unique.
We define the quotient set G/H in the following way. Elements g 1 , g 2 ∈ G are equivalent if and only if there exist
where h ∈ H s(g) t(f ) and other structure maps are defined by:
Proposition 5. Example 5.1. Let us consider a principal bundle P (M, G, π). We take the pair groupoid P × P ⇒ P and action groupoid G∢P ⇒ P is a subgroupoid of P × P ⇒ P . One easily verifies that in this case the assumptions of the proposition are fulfilled and the quotient groupoid
The construction of the quotient groupoid G/H ⇒ B/H is in a sense complementary to the construction of the quotient groupoid G/N ⇒ B, where N ⇒ B is the normal subgroupoid of G ⇒ B, see e.g. [6] . Thereby one does not change the base set but replaces arrows by their equivalence classes. In our case since the action of H ⇒ B on the base B is free, the equivalence relation on B determines equivalence relation on the groupoid set G.
By structural (frame) groupoid G lin E ⇒ B of a Banach vector bundle π : E → B we will mean the groupoid which consists of continuous linear fibre isomorphisms G ba : E a → E b . All structural maps of G lin E ⇒ B are defined in the same way as in the finite dimensional case, e.g. the product of G cb and G ba is given by the superposition G cb G ba : E a → E c of isomorphisms (e.g. see [6] ).
Among other groupoids we will consider the following frame groupoids
and G lin T P 0 ⇒ P 0 . We note firstly that the groupoid G lin T P 0 ⇒ P 0 is isomorphic with the trivial groupoid P 0 × Aut(Mp 0 ) × P 0 ⇒ P 0 . Recall that the product of (λ, Λ, ξ), (ξ, Γ, η) ∈ P 0 × Aut(Mp 0 ) × P 0 is given by (λ, Λ, ξ)(ξ, Γ, η) = (λ, ΛΓ, η).
The other groupoid maps are defined by
Since the tangent vector bundle T P 0 → P 0 is trivial and isomorphic to the bundle Mp 0 × P 0 → P 0 one defines the groupoid isomorphism
where (ϑ, η) ∈ T η P 0 = Mp 0 ×{η} and (Γ(ϑ), ξ) ∈ T ξ P 0 = Mp 0 ×{ξ}. We note that action groupoid G 0 ∢P 0 ⇒ P 0 can be considered as a subgroupoid of P 0 × Aut(Mp 0 ) × P 0 ⇒ P 0 , i.e.
where R g ∈ Aut(Mp 0 ) is defined by
We also consider the subgroupoid P 0 × Aut mod (Mp 0 ) × P 0 ⇒ P 0 of the trivial groupoid consisting of such elements (ξ, Γ, η) ∈ P 0 × Aut(Mp 0 ) × P 0 that Γ(xϑ) = xΓϑ (5.6) for x ∈ M and ϑ ∈ Mp 0 . We will denote this subgroupoid by P 0 ×Aut mod (Mp 0 )×P 0 ⇒ P 0 , where by P 0 ×Aut mod (Mp 0 )×P 0 ⇒ P 0 we denote the group of automorphisms of the M-right modules Mp 0 . The action groupoid G 0 ∢P 0 ⇒ P 0 is also a subgroupoid of P 0 × Aut mod (Mp 0 ) × P 0 ⇒ P 0 . It can by easily seen that the conditions of the Proposition 5.1 are fulfilled for G 0 ∢P 0 ⇒ P 0 considered as a subgroupoid of groupoids P 0 × Aut(Mp 0 ) × P 0 ⇒ P 0 and P 0 × Aut mod (Mp 0 ) × P 0 ⇒ P 0 . Therefore we have the following proposition.
Proposition 5.2. One has the groupoid isomorphisms:
Proof. Let us define the groupoid map
where φ (ξ,Γ,η) acts on [(ϑ, η)] ∈ A p 0 (M) in the following way
where Γ ∈ Aut(Mp 0 ) is determined up to the transformation
The commutativity of φ and l with sources and target maps in (5.9) is obvious. The groupoid product
is also preserved by φ. For any (ηg, R g , η), (ξh, R h , ξ) ∈ P 0 × Aut(Mp 0 ) × P 0 we have
From the above facts it follows that (5.9) defines a morphism of groupoids. After the factorization by subgroupoid G 0 ∢P 0 ⇒ P 0 we obtain (5.7). From (5.6) it follows that (ξ, Γ, η) ∈ P 0 × Aut mod (Mp 0 ) × P 0 if and only if Γ = R Γ(ϑ) . So, one can identify
The above enables one to obtain the following sequence of equalities
we derive (5.8).
Algebroid of the groupoid
In what follows we will denote the algebroid of
(M) and describe its structure in terms of the trivial
Let us start noting that a smooth bisection σ of the trivial groupoid is defined as follows:
where γ : P 0 → P 0 is a diffeomorphism of P 0 and Γ : P 0 → Aut(Mp 0 ) is a smooth map of P 0 in the group of automorphisms of the complex Banach space Mp 0 . The product σ 1 * σ 2 of two bisections of the trivial groupoid P 0 × Aut(Mp 0 ) × P 0 ⇒ P 0 is given by
Any bisection σ defines linear continuous isomorphism Φ σ (η) :
of the tangent bundle T P 0 , where (ϑ, η) ∈ T η P 0 . We will consider a one-parameter subgroup of bisections σ t+s = σ t * σ s , i.e. are a smooth maps. Let us note that γ : P 0 → P 0 and Γ : P 0 → Aut(Mp 0 ) as well as γ t : P 0 → P 0 and Γ t : P 0 → Aut(Mp 0 ) are not holomorphic maps in general. So, in (6.6), (6.7) and in formulae presented below we use the following notation:
γ(η) = γ(η, η * ) and Γ(η) = Γ(η, η * ). Let a section Z ∈ Γ ∞ (T P 0 ) be given by Z(η) = (w(η, η * ), η). Then one defines the flow Σ t : Γ ∞ (T P 0 ) → Γ ∞ (T P 0 ), t ∈ R, in the following way (Σ t Z)(η) := Φ σt (Z(γ −t (η))) = (Γ t (γ −t (η))(w(γ −t (η), γ −t (η) * )), η) . (6.10) Differentiating both sides of (6.10) with respect to the parameter t ∈ R we obtain a first-order differential operator (DZ)(η) := (((−X + Θ)w)(η, η * ), η) (6.11)
which is a derivation of the module of sections Γ ∞ (T P 0 ), i.e. D : Γ ∞ (T P 0 ) → Γ ∞ (T P 0 ) is linear and D(f Z) = f DZ + X(f )Z, (6.12) where f ∈ C ∞ (P 0 ). In order to obtain (6.11) we note that d dt (Γ t (γ −t (η)))(w(γ −t (η), γ −t (η) * ))| t=0 = (6.13)
The bundle of derivations D(T P 0 ) of the tangent bundle T P 0 is the algebroid of the trivial groupoid P 0 × G 0 × P 0 ⇒ L p 0 (M) by virtue of the general theory developed for the finite dimensional case in Chapter 3 of [6] . Eliminating w : P 0 → Mp 0 from (6.11) we will obtain the following expression D = −X + Θ (6.14)
for the derivation D ∈ Γ ∞ (D(T P 0 )). It is easy to see that the algebroid bracket of (6.14) , which satisfy conditions (6.29) and (6.30) . One concludes from this that these conditions are preserved by the bracket (6.15) .
Further conditions h t (η, g) = g and Γ t (η) = T γ t (η) (6.32) The results of this section one will find useful for investigation of various Poisson structures associated with groupoids G p 0 (M) ⇒ L p 0 (M) and U p 0 (M) ⇒ L p 0 (M). The paper concerning this subject is in preparation.
